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ABSTRACT

The lattice dynamics and thermodynamic properties of Mg,Si and Mg,Ge are studied based on the first
principles calculations. We obtain the phonon dispersion curves and phonon density of states spectra
using the density functional perturbation theory with local density approximations. By employing the
quasi-harmonic approximation, we calculate the temperature dependent Helmholtz free energy, bulk
modulus, thermal expansion coefficient, specific heat, Debye temperature and overall Griineisen coef-
ficient. The results are in good agreement with available experimental data and previous theoretical
studies. The thermal conductivities of both compounds are then estimated with the Slack’s equation.
By carefully choosing input parameters, especially the acoustic Debye temperature, we find that the
calculated thermal conductivities agree fairly well with the experimental values above 80K for both
compounds. This demonstrates that the lattice thermal conductivity of simple cubic semiconductors
may be estimated with satisfactory accuracy by combining the Slack’s equation with the necessary

thermodynamics parameters derived completely from the first principles calculations.

© 2010 Elsevier B.V. All rights reserved.

1. Introduction

The renaissance of thermoelectric materials since 1990s has
motivated extensive studies on low thermal conductivity semicon-
ductors. The thermoelectric efficiency is characterized by figure
of merit ZT=5%0T/k, where S, o, « and T are Seebeck coefficient,
electrical conductivity, thermal conductivity and absolute tem-
perature, respectively. Good thermoelectric materials should have
large Seebeck coefficient, high electrical conductivity, and low ther-
mal conductivity. For lightly to moderately doped semiconductors,
thermal conductivity is dominated by phonon transport. Numerous
theoretical and experimental studies have shown that nanostruc-
tures could significantly reduce the lattice thermal conductivity «
by increasing phonon scatterings and phonon confinements [1-5].
On the other hand, Morelli et al. recently pointed out that the
intrinsically low thermal conductivity can be found in certain semi-
conductors such as AgSbTe, and AgBiSe, [6], which is attributed
to the strong anharmonicity of the phonon vibrations in these
[-V-VI, compounds. This provides an alternative route of devel-
oping potential thermoelectrics by intentionally searching for the
crystal structures with low thermal conductivity. The thermal con-
ductivity of a semiconductor with a known crystal structure, in
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principle, can be estimated with the help of theoretical approaches
such as molecular dynamics (MD) method. The MD method has
been proved to be a powerful tool to determine « of a wide range
of solids [7-12]. However, it requires a reliable empirical potential
field which is not readily available in most cases. Fortunately, sim-
ple empirical models like Slack’s equation offer a simple and rapid
approach to assess the heat transfer ability of the solids above their
Debye temperature [13].
The Slack’s equation is given as:

_ AME3on' 2

K
L sz
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where M (amu) is the average atomic mass, 6, (K) the acoustic
Debye temperature, §3 (A3) the average volume per atom, n the
number of atoms in each primitive cell, y the high temperature
Griineisen coefficient, A = 2.43 x 107%/(1 — 0.514/y + 0.228/y?)
for thermal conductivity in W/m/K.

0, and y in Eq. (1) are two critical thermodynamics param-
eters that affect the calculated thermal conductivity. In practice,
they were often derived from the experimental heat capacity and
thermal expansion coefficient, respectively. Since the experimen-
tal data are not always available, it is desirable to predict the
parameters systematically from some sort of theoretical calcula-
tions [13,14].

In this paper, we use magnesium silicide (Mg,Si) and magne-
sium germanide (Mg,Ge) as model systems and estimate their
temperature dependent thermal conductivities from the Slack’s
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equation based on the thermodynamics parameters derived fully
from the first principles calculations.

Mg, Si and Mg, Ge are II-1V group semiconductors with an anti-
fluorite structure (FM3m symmetry). In each of their primitive cell,
there are two Mg atoms which are located at +u (1 = (%, 1 %) a,
where ais the lattice constant), and one Si (Ge) atom which occupies
the fcc (face-centered cubic) site. Mg, Si and Mg, Ge are regarded as
competitive candidates for thermoelectric applications and have
attracted much attention recently [15-18].

Obtaining phonon properties is a key step to calculate the vibra-
tional thermodynamics of the semiconductors. To date there are
only a few ab initio studies on phonon properties of Mg,Si and
Mg, Ge. Among them, Baranek et al. calculated the phonon frequen-
cies of Mg,Si at the Gamma point of the Brillouin zone [19]. Very
recently, Tani and Kido performed lattice dynamics calculations on
Mg, Si and Mg, Ge with the first principles calculations in the frame-
work of density functional theory (DFT) within General Gradient
Approximations (GGA) [20]. The calculated heat capacity, Debye
temperature, and entropy of the two compounds were found to be
in good agreement with the experimental results.

In this work, we further compute the temperature dependent
Helmholtz free energy, bulk modulus, thermal expansion coef-
ficient and overall Griineissen coefficient for Mg,Si and Mg,Ge.
Based on these calculations, we determine the two important
parameters of the Slack’s equation, namely, 8, and y. By carefully
choosing 6,, we find that the calculated thermal conductivities
agree fairly well with the experimental values in a temperature
range above 80K for both Mg,Si and Mg, Ge.

2. Computational methods

The structural and phonon properties are calculated based on the DFT method in
the framework of local density approximation (LDA) which is implanted in a plane-
wave pseudopotential code, ABINIT [21,22]. The LDA pseudopotentials of Mg, Si and
Ge in the scheme of Troullier—Martins [22,23] are used in all DFT calculations.

All first principles calculations are performed in the primitive cell contain-
ing three atoms. The structures of Mg,Si and Mg,Ge are first optimized using a
Broyden-Fletcher-Goldfarb-Shanno (BFGS) minimization procedure [24] to obtain
the equilibrium lattice constant ao. An 8 x 8 x 8 Monkhorst-Pack [25] grid is used
for Brillouin zone sampling and the plane-wave energy cutoff is set to 50 Hartree.

We then vary the lattice constant of the simulation cell to perform the phonon
property calculations using a density functional perturbation theory (DFPT) incorpo-
rated in the ABINIT code [26,27]. To perform such calculations, we choose a6 x 6 x 6
Monkhorst-Pack mesh and a plane-wave energy cutoff of 35 Hartree.

In the quasi-harmonic approximation, the temperature dependent Helmholtz
free energy F(V,T) can be written as [14]:

OMAX
F(V, T)=E5(V)+/ (%hw-FkBT In[1 —e*’lw/kBT]) D(w, V)dw (2)
0

where E; is the static energy at 0K, D(w, V) is the phonon density of states (PDOS)
obtained from the lattice dynamics calculations, V denotes the volume of the simula-
tion cell, w is the frequency, h is the Planck’s constant, kg represents the Boltzmann’s
constant. The second term in Eq. (2) reflects the contributions to the Helmholtz free
energy from the zero-point motion and thermal excitation of the phonons.

3. Results and discussion
3.1. Phonon properties

The phonon dispersion curves of the optimized Mg,Si and
Mg, Ge structures are plotted along two high-symmetry lines in
the first Brillouin zone (Fig. 1). The general shapes of the disper-
sion curves are comparable with the previous theoretical study
by Tani and Kido [20]. It should be mentioned that the optical
phonon branches of Mg, Si overlap significantly with the longitudi-
nal acoustic (LA) phonon branch, while such overlap is so weak for
Mg, Ge that it can only be observed near the zone boundary along
the ['—X line. This is due to the fact that the atomic mass difference
between Mg and Si is smaller than the difference between Mg and
Ge.
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Fig. 1. Calculated phonon dispersion curves of the optimized Mg,Si (a) and Mg,Ge
(b) structures along two high-symmetry lines in the first Brillouin zone.

In Table 1, the phonon frequencies at several high-symmetry
points have been summarized for comparison with the previous
theoretical [20] and experimental data [28,29]. Our results which
are based on LDA approximation deviate from those obtained from
the GGA approximations [20] by 1.3-5.7%, and deviate from the
experimental values by 1.2-8.4%. Compared with the LDA calcu-
lations performed in this work, the GGA calculations on phonon

Table 1
Phonon frequencies and Debye temperature at high-symmetry points in the first
Brillouin Zone for Mg, Si and Mg, Ge.

This work Literature® Experimental data
Mg, Si Mg, Ge Mg,Si Mg, Ge Mg,Si Mg, Ge
wro (I') [THz] 8.67 6.64 8.2 6.4 8.0d 6.24
w10 (I') [THz] 10.43 7.83 101 7.7 10.56°  8.16°
9.8d
wia (X) [THz] 8.37 4.86 8.2 4.8
Oara (X [K] 401.6 2332
wra (X) [THZ] 4.97 3.40 4.7 33
Bata (X)? [K] 2385 163.1
0.(X)° [K] 264.1 177.1
wa (L) [THz] 8.42 471 8.5 48
wra (L) [THz] 3.56 2.57 34 25

2 Obtained using Eq. (9).
b Obtained using Eq. (10).
< Ref[20].
d Ref|[28].
e Ref[29].
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Fig. 2. Phonon density of states spectra of the optimized Mg,Si (a) and Mg,Ge (b)
structures.

properties show a relatively better agreement with the experi-
mental values. Though the discrepancy between the LDA and GGA
calculations on phonon properties has been observed in previous
studies [30], we find it has almost no impact on the results of
the thermodynamics properties calculations (such as heat capacity,
Debye temperature and bulk modulus) in the current work, as we
will show in the following sections.

In Fig. 2, the equilibrium phonon density of states D(w, Vg) of
Mg, Si and Mg, Ge are displayed which will be used to compute the
heat capacity and Debye temperature curve in section 3.3.

3.2. Equation of state

Fig. 3 displays the Helmholtz free energy of Mg,Si and Mg, Ge
as a function of average atomic volume at five different tempera-
tures. At a given temperature T, we fit the F(V,T) values obtained
at different volumes to a third-order Birch-Murnaghan equation of
state (EOS) [31]:

2/3 2
FOV(T),T) = Fo(T) + gK(T)Vo(T) [(vom) ) 1}

4-K/(T) Vo(T)\ 23

{”( 2 )[“(vm) ]} ®
where K(T) represents the bulk modulus, K'(T) is the pressure
derivative of the bulk modulus. The fitting results are plotted in
Fig. 3 as dashed lines. The minimum value of each curve is corre-
sponding to Fo(T) which is denoted as equilibrium Helmholtz free
energy ata given temperature T. All data in Fig. 3a and b are referred
to the equilibrium Helmholtz free energy of Mg,Si and Mg,Ge at
0K, respectively. From the fitting procedure, one can get several
equilibrium properties of the compounds such as Fy(T), lattice con-
stant a(T), K(T) and K'(T).

Fig. 4 displays the equilibrium Helmholtz free energy of Mg,Si
and Mg, Ge versus temperature. It can be seen clearly that the equi-
librium Helmholtz free energy of Mg,Ge decays faster than that of
Mg, Si as the temperature increases.

The equilibrium lattice constants ag(T) of Mg,Si and Mg, Ge are
plotted in Fig. 5a. At 0K, the lattice constants are 6.29 A and 6.32 A
for Mg,Si and Mg,Ge, respectively. The values are very close to
those obtained from the BFGS optimization procedure in this work.
They are also comparable with the GGA results and experimental
values as shown in Table 2.
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Fig. 3. Helmholtz free energy of Mg,Si (a) and Mg,Ge (b) as a function of average
atomic volume at several temperatures. The empty circles denote the data evaluated
from Eq. (2); The dashed lines represent the fits to the third-order Birch-Murnaghan
equation of state. The data in (a) and (b) are referred to the equilibrium Helmholtz
free energy at 0K of Mg,Si and Mg,Ge, respectively.
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Fig. 4. Equilibrium Helmholtz free energy of Mg,Si (solid line) and Mg,Ge (dashed
line) as a function of temperature. The data are referred to the equilibrium Helmholtz
free energy at 0K of Mg,Si and Mg,Ge, respectively.
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Fig. 5. Lattice constant (a) and linear thermal expansion coefficient (b) of Mg,Si
(solid line) and Mg, Ge (dashed line) as a function of temperature. The empty circles
represent the experimental values of Mg,Ge.

The linear thermal expansion coefficients is given as:

1 da(T)
a(T) dr “)

Fig. 5b illustrates the variation of the thermal expansion coef-
ficients of Mg,Si and Mg,Ge with the temperature. In the whole
temperature range (0-1300K), the thermal expansion coefficient
of Mg,Si is smaller than that of Mg,Ge. To our knowledge, no
experimental measurement on thermal expansion coefficient of
Mg,Si is available hitherto. The volume thermal expansion coef-
ficient ay of Mg,Si was estimated to be 3.27 x 10~°/K at 300K
[32] which is equivalent to a linear thermal expansion coefficient
of a;=1.1x107>/K. The result is comparable with the value of
1.4 x 10-°/K which is obtained in the present work. The linear

a(T) =

Table 2
Structural and elastic properties of Mg,Si and Mg, Ge.

This work (0K) Literature® (0K) Experimental datad

Mg, Si Mg, Ge Mg, Si Mg, Ge Mg, Si Mg, Ge
aop (A) 6.282 6.312 6.295 6.318 6.338 6.393
6.29° 6.320
K (GPa) 57.8 54.8 56.2 55.1 59 54.6

2 Obtained from the BFGS procedure.

b Obtained from the fitting procedure using the Birch-Murnaghan equation of
state.

¢ Ref. [20].

d Ref. [34].
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Fig. 6. Bulk modulus K(T) (a) and pressure derivative of the bulk modulus K'(T) of
Mg, Si (solid line) and Mg, Ge (dashed line) as a function temperature.

thermal expansion coefficient Mg,Ge has been measured from
80-300K by Chung et al. using a resistance strain-gauge method
[33]asillustrated in Fig. 5b. The experimental linear thermal expan-
sion coefficient of Mg,Ge at 300K is about 1.5 x 10~°/K which is
comparable with our calculated value of 1.6 x 10~>/K. However,
the agreement between the experimental and theoretical data is
quite poor below 150 K. The disparity may need further experimen-
tal clarifications by using more accurate measurement techniques,
such as variable temperature X-ray diffraction method.

The bulk moduli of Mg, Si and Mg, Ge are plotted in Fig. 6a versus
the temperature. The calculated bulk moduli of both compounds
at 0K are in good agreement with the previous theoretical [20]
and experimental values [34] (Table 2). In a temperature range of
0-1300K, the bulk moduli of the compounds decrease with tem-
perature and the bulk moduli of Mg,Ge are always smaller than
that of Mg,Si. On the other hand, the pressure derivative of the
bulk modulus K'(T) is found to increase with temperature for both
compounds (Fig. 6b). At 0K, K'(T) of Mg,Si is smaller than that of
Mg, Ge. As the temperature increases, K'(T) of Mg,Si grows more
rapidly and exceeds that of Mg,Ge around 1093 K.

3.3. Specific heat and Debye temperature

The specific heat at constant volume C, can be computed from
the equilibrium PDOS D(w,Vy) in the quasi-harmonic approxi-
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Fig. 7. Constant volume specific heat (a) and Debye temperature (b) of Mg, Si (solid
line) and Mg,Ge (dashed lines) as a function of temperature. Experimental data
(solid circles for Mg, Si, empty circles for Mg, Ge) are also displayed for comparison.

mation:
WMAX 2 fio/ kg T
Cy = 9R (L“)> — Y Dw, Vo)dw (5)
0 ksT ) (ehw/keT _ 1)2

where R is the real gas constant.

We compare the calculated specific heat with the experimen-
tal values [32,36] in Fig. 7a in which fairly good agreement can be
observed. Our results based on the LDA calculations are also consis-
tent with the previous GGA calculations by Tani and Kido [20]. For
example, the specific heats at 300 K are calculated to be 67.2 ] /mol/K
and 69.2 J/mol/K for Mg,Si and Mg, Ge, respectively in the present
work, and 67.6J/mol/K and 69.8 J/mol/K, respectively in Ref. [20].

The Debye temperature can be deduced from the known specific
heat data. In the classical Debye model, the specific heat of the bulk
is given as [35]:

T 3 ,Op(M)/T xhex
D(TY — _rr
CV(T)_QR(@D(T)> /0 (ex — 1Y dx ©

where ®p(T) is the Debye temperature.

®p(T) can be solved numerically by equating Cy(T) of Eq. (1)
with C‘[/’(T) of Eq. (6). At a given temperature T, ®p(T) in Eq. (6) is
continuously varied as a parameter to calculate CO(T) until CD(T)
equals to Cy(T). The final value of ®p(T) is the Debye temperature at
the temperature T. The calculated Debye temperatures agree well
with the experimental data (Fig. 7b) for both compounds. Note that
®p(T) decreases with the temperature in the very low temperature
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Fig. 8. Overall Griineisen coefficient of Mg, Si (solid line) and Mg;Ge (dashed line)
as a function of temperature.

region. As the temperature increases, @p(T) increases again and
therefore produces a curve minimum. The minimum is crucial for
determining the acoustic Debye temperature of the Slack’s equa-
tion in this study, which will be discussed later in Section 3.5. The
experimental Debye temperature curve around the minimum point
is reproduced well by the calculated curve, especially for Mg,Si,
which reflects the accuracy of the calculated PDOS.

3.4. Overall Griineisen coefficient

The Griineisen coefficient is an important parameter to char-
acterize the anharmonicity of the lattice vibrations. The overall
Griineisen coefficient is determined from the linear thermal expan-
sion coefficient, bulk modulus and specific heat and molar volume
Vi(T):

304(T)K(T)Vm(T)
- C(T) @)

The values of y of Mg,Si and Mg,Ge are compared with each
other in Fig. 8. Below 100K, y of both compounds increases quickly
with the temperature. As the temperature increases further, y stays
almost constant and the value of Mg,Si is about 2% larger than that
of Mg, Ge in the plateau region.

y(T)

3.5. Thermal conductivity

For the lightly to moderately doped semiconductors in which
defects scattering and boundary scattering do not exist, the Umk-
lapp mechanism is the most important factor to determine the
thermal conductivity above the Debye temperature. The intrin-
sic thermal conductivity in this case can be well described by the
Slack’s equation.

To apply the equation, the acoustic Debye temperature and
Griineisen parameter are two important parameters that need to
be determined carefully. Among them, 6, is more critical since
the thermal conductivity «i in Eq. (1) is proportional to 3. There
have been several approaches proposed for calculating the acous-
tic Debye temperature 8,. For example, Domb and Salter suggested
the following expression [37]:

2 5R2 fooo @?D;(w)dw

T 312 [XDa(w)do ®)

a

where D,(w) is the acoustic portion of phonon density of states.
Theoretically, the overall phonon density of states can be calculated
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Table 3
The values of the Slack’s equation parameters for Mg,Si and Mg, Ge.

M@mu) §A) n  6.(K)  y(@) Oamin (K) ¥ (Oamin)
Mg, Si 25.6 2.74 3 264.1 1.36 292.3 1.36
Mg, Ge 40.4 2.76 3 1771 1.37 2293 1.38

routinely based on the lattice dynamics calculations with the aid of
modern ab initio computational packages. However, the acoustic
bands and optical bands are often overlapped with each other in
many materials, extracting the acoustic phonon density of states is
not a straightforward procedure from a theoretical point of view.

Another relatively simple way is based on the phonon dispersion
curve. One can define Debye temperature for each branch of the
acoustic phonon modes, namely one longitudinal mode (L) and two
transverse modes (T1 and T2), at the zone boundary [38]:

hw,

ea,i = ﬁ (9)
where w,; is the frequency of ith (i=L, T1, T2) acoustic mode at the
zone boundary. The average acoustic mode Debye temperature 6,
is then given by [38]:

11111
93 3 921 gg,Tl 93,T2

(10)

We have utilized this method (denoted method A hereafter) to
calculate the average acoustic Debye temperature at X point of the
first Brillouin zone 6,(X) for Mg,Si and Mg,Ge which are listed in
Table 1.

Recently, Bruls et al. suggested to estimate the acoustic Debye
temperature from the value at the minimum of the Debye
temperature-temperature curve [39,40]. It was proposed based
on the following argument. In the very low temperature, the
Debye temperature-temperature curve is dominated by the acous-
tic phonon modes and the Debye temperature decreases with the
temperature at the beginning. As the temperature increases, the
decrease of the acoustic phonon contribution and the excitation
of the optical phonon modes lead to an increase of the Debye
temperature. The minimum value ®;, thus represents a good
approximation for the high temperature limit of the Debye tem-
perature associated with the acoustic phonons.

From Fig. 7b, ®p i, is found to be 421.5 K and 330.7 K for Mg, Si
and Mg;Ge, respectively. ®p m;n,, which is deduced from specific
heat, is related to the acoustic Debye temperature of Eq. (1) by [13]:

Qa,min = @D,min . n7]/3 (]1)

In this following, the above procedure is termed method B.

The Griineisen coefficient y is used to account for the devia-
tion of the lattice vibration from the anharmonicity. In principle, y
should be contributed from all the acoustic phonon modes in the
first Brillouin zone at a temperature close to Debye temperature
[13]. In this study, we use the Griineisen coefficient at the acoustic
Debye temperature as the input parameter of the Slack’s equation.
As the temperature increases from 6, or 6, i, to 1300 K (Note that
the melting points of Mg,Si and Mg,Ge are 1363 K and 1391K,
respectively.), the variation of the Griineisen coefficient is less than
12% for both compounds (Fig. 8). The observation implies that the
contribution of the optic phonon modes to the overall Griineisen
parameter do not change too much with temperature above 6, or
ea,min-

Table 3 summarizes all necessary input parameters for calculat-
ing the thermal conductivity using the Slack’s equation. Two sets of
the acoustic Debye temperature and the Griineisen parameter are
listed: 6, and y (6,) are associated with the method A, 0, i, and y
(6,,min) with the method B. It should be noted that the y values of
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Fig. 9. Thermal conductivity of Mg,Si (solid line) and Mg, Ge (dashed lines) which
are calculated from the Slack’s equation based on the method A (a) and the method
B (b). Experimental data (solid circles for Mg, Si, empty circles for Mg,Ge) are also
displayed for comparison.

Mg, Si and Mg, Ge are very close to each other, no matter how y is
obtained.

We first calculate the thermal conductivity of the two com-
pounds using 9, and Yy (61). The results are plotted in Fig. 9a to
compare with the experimental data [41]. Though the trend that
the thermal conductivity of Mg,Si is larger than that of Mg, Ge has
been reproduced, the calculation significantly underestimates the
thermal conductivity of Mg, Ge in the low temperature region.

We then employ 6, min and ¥ (0,min) to perform the same
calculation. Fig. 9b shows that the thermal conductivities are in
good agreement with the experimental data above 80K, especially
for Mg,Ge. The major difference between method A and method
B comes essentially from the acoustic Debye temperature that
is used in the calculation. In the method B, the acoustic Debye
temperature is associated with the minimum value in the Debye
temperature-temperature curve. This treatment leads to a good
agreement between the calculated thermal conductivities and the
experimental results above 80K for Mg,Ge, but also below 0, nin
for both Mg,Si and Mg, Ge. Our study suggests that the lattice ther-
mal conductivity of simple cubic semiconductors may be estimated
satisfactorily by using the Slack’s equation in conjunction with the
necessary thermodynamics parameters derived fully from the first
principles calculations.
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4. Conclusions

In this work, we calculate the temperature dependent
Helmholtz free energy, bulk modulus, thermal expansion coef-
ficient, Debye temperature and overall Griineisen coefficient of
Mg, Si and Mg, Ge. By carefully choosing the input parameters of
the Slack’s equation, especially the acoustic Debye temperature,
we find that the estimated thermal conductivities agree fairly well
with the experimental results in the temperature range above
80K. The current study shows that the lattice thermal conductiv-
ity of simple cubic semiconductors, like Mg,Si and Mg,Ge, may
be estimated with satisfactory accuracy by combining the Slack’s
equation with the necessary thermodynamics parameters derived
completely from the first principles calculations.
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